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ABSTRACT 
An a n a l y s i s  i s  presented of the coupled aerodynamic and 
r a d i a t i o n  f i e l d  i n  a plume mixing region, inc luding  the e f f e c t s  
of v i s c o s i t y ,  d i f f u s i o n ,  conductive,  convect ive and normal 
r a d i a t i v e  h e a t  t r a n s f e r  a s  w e l l  as r a d i a t i v e  h e a t  losses from 
the f l o w .  T h e  formulation of t h e  chemical h e a t  r e l e a s e  i s  
based on the use of the f i n i t e  r a t e  r eac t ions  of the r e l evan t  
chemical spec ie s  o r  of the " o v e r a l l  r eac t ion"  s i m p l i f i c a t i o n s  
u s e f u l  f o r  t reatment  of the h igher  hydrocarbons. T h e  r a d i a t i v e  
t r a n s p o r t  equation i s  t r e a t e d  i n  the o p t i c a l l y  " intermediate"  
caseassuming carbon a s  the p r i n c i p a l  e m i t t e r  and thereby 
j u s t i f y i n g  a ' 'gray gas" t reatment .  S c a t t e r i n g  i s  neglected 
because of t h e  l a r g e  wavelength t o  p a r t i c l e  s i z e  encountered. 
The r a d i a t i o n  t r a n s p o r t  equation i s  treated on the b a s i s  of  
both the p l ane  s t r a t i f i e d  model and of the curved s t r a t i f i e d  
model and t h e  a rea  of a p p l i c a b i l i t y  of each i s  discussed.  
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RADIATION FROM CARBON I N  A ROCKET PLUME 
M I X I N G  REGION WITH COUPLED CONVECTIVE 
AND RADIATIVE ENERGY FLUXES AND 
GENERAL OPTICAL THICKNESS 
by S. S l u t s k y  
J. D. Mehick 
I. INTRODUCTION 
A problem of importance i n  the design of larger  rocket 
vehicles i s  the estimation of t h e  radiant heat t ransfer  from 
the exhaust plume t o  the base of the vehicle. I n  one of the 
configurations of i n t e r e s t  the exhaust gases r e s u l t  from the 
combustion of the fuel-rich RP1-LOX system. Consequently, 
combustible components, including sol id  carbon, are  present. 
The products m i x  and react  with the ambient a i r  along the 
plume boundary producing a high temperature radiating layer. 
The most important radiating species w i l l  be carbon, which 
closely resembles a black body emitter. By contrast ,  the  
emissivi t ies  of H 0 and CO the next most important radia- 
t ion emitters,  w i l l  be an order of magnitude lower 
2 2' 
. I f ,  (5,6) 
2 
however, the concentration of carbon particles is sufficiently 
low, the rotation-vibration bands of CO, CO and particularly 
H20(7), will become the significant radiation sources. 
2' 
In the present investigation it is assumed that the 
carbon cloud is the principal emit ter  and is composed of par- 
ticles having effective diameters ranging from 100 to 1000 
angstroms''), which have the local temperature and velocity 
of the local gas phase flow. The carbon particles are assumed 
to have temperature levels of 2500 K or less. 0 
Since the carbon particles are roughly spherical of less 
than 0.1 p diameter, the density number of the carbon particle 
"gas" is about 6x10 per gram-mole. Defining a mean free path 
for collisions of the carbon particles leads to a value of 1 
mm., smaller than any physically relevant dimension of the flow. 
Consequently the carbon gas is assumed to obey the continuum 
gas-dynamic and radiative transfer equations. On the other hand, 
the interaction of the carbon with the radiation field can be 
treated by classical electromagnetic theory due to the large 
particle size relative to molecular dimensions. In consequence, 
14 
the wavelength dependence of the absorption coefficient is con- 
3 
tinuous, i.e., the permissible energy levels of the system are 
continuous, as contrasted with the discrete rotation-vibration 
energy values of molecules which are governed by the Schrodinger 
equation. From the black body intensity curve at 2250 K., the 
range of wavelength > of interest is 1.0 to 10 microns, which 
is far greater than the particle s i z e .  This has the very 
important consequence of eliminating scattering as a significant 
phenomenon in carbon clouds . 
0 
(1) 
The principle assumptions in the present formulation of 
the radiative transfer equation are: 
1. the gray gas approximation is appropriate 
2. the system is in local thermodynamic equilibrium 
3 .  within the plume the radiative flux components parallel 
to the layer are negligible compared to the flux component normal 
to the layer. 
Under the gray gas approximation the average is taken of 
the absorption coefficient over the relevant range of wave- 
lengths, thereby eliminating the need to integrate the wave- 
length-dependent intensity to obtain the total intensity. To 
obtain w the wavelength-dependent absorption coefficient is 
I 
4 
averaged over the wavelength range of 1.0 p to 10 /L. 
The local thermodynamic equilibrium assumption is that 
the emitted radiation intensity is determined by the local 
thermal state of the medium at the temperature T. Thus the 
radiation source function is j = XB with B = UT , where (T 4 
is the Stefan-Boltzmann constant. 
0 Siddall and McGrath(2) give the form of p -5 at T = 2250 K 
C 
indicates possible experi- (8) for amorphous carbon. Huffaker 
mental discrepancies from this theoretically predicted absorp- 
tion coefficient at the expected temperatures. For the present 
investigation, the Siddall and McGrath equation, which is based 
on the D.C. conductivity of small absorbing spheres of baked 
electrode carbon is used but can be replaced when more appropr- 
iate formulas are available. This prescription for the absorp- 
tion coefficient is given by: 
where, for 1p < < lop, 
Or = 0.906 + 0.283 4nh. 
k = 36rPF(X = lp). a 
P = average volume of particles per unit volume of gas, 
5 
= gas  d e n s i t y  of carbon species .  PC 
3 6 = s o l i d  d e n s i t y  of carbon p a r t i c l e s  = 2 gm/cm . 
(1) n and n a r e  obtained from the  work of S t u l l  and P l a s s  1 2 
from a se t  of two equat ions which give n 1 and n 2 '  r e s p e c t i v e l y  
the  r e a l  and imaginary p a r t s  of the index of r e f r a c t i o n ,  a s  
funct ions of A .  F ( l ) ,  der ived far carbon spheres  by Hawksley ( 3 )  
i s  def ined  i n  t h e  Appendix. 
Thus for  the gray gas  assumption, an average a b s o r p t i v i t y  
over  the wavelength range of i n t e r e s t  may be def ined a s  follows: 
w h e r e  
hc 
= 0.2014 - max kT x 
( 3 )  
i s  t h e  wavelength of  maximum emission given max x 
by Wien' s Law. 
h = Planck ' s  constant.  
c = speed of l i g h t .  
k = Boltzman constant .  
6 
The t h i r d  p r i n c i p a l  assumption regarding the d i r e c t i o n  
\ of t h e  r a d i a t i v e  f l u x  vec to r  i s  dependent on t h e  boundary 
l a y e r  n a t u r e  of the f l o w  and is  c r u c i a l  f o r  the v a l i d i t y  of 
the mathematical and numerical t e c h n i q u e  employed for  the  
I 
so lu t ion  of the coupled system of gas r a d i a t i o n  and f l o w .  
According t o  t h i s  assumption, t h e  free carbon, w h i c h  i s  the 
p r i n c i p a l  luminous e m i t t e r ,  i s  in j ec t ed  i n t o  the F-1 engine 
plume along with o t h e r  combustible gases such as  CO, free 
kerosene and free H a t  the d iv id ing  s t reaml ine  between the 
main nozz le  flow and t h e  e x t e r n a l  free airs t ream. When the 
2' 
oxygen and the f u e l s  d i f f u s e  across  the d iv id ing  s t reaml ine ,  
combustion r e s u l t s  and the free carbon becomes incandescent.  
I t  i s  assumed i n  t h e  p r e s e n t  study t h a t  t h e  mixing 
mechanism can be t r e a t e d  by boundary l a y e r  theory t o  approx- 
imate t h e  i n t e r a c t i o n  between the  engine j e t  exhaust and the 
e x t e r n a l  f ree  a i r s t ream;  and t h a t  t he  b a s i c  assumptions of 
boundary l a y e r  theory,  i .e.,  t h a t  the f l o w  f i e l d  g r a d i e n t s  i n  
t h e  streamwise and c i r cumfe ren t i a l  d i r e c t i o n s  a r e  of l o w e r  
o rder  than  t h e  g rad ien t s  normal t o  t h e  stream su r faces ,  a r e  
app l i cab le ,  These circumstances def ine  condi t ions  appropr ia te  
7 
t o  the problem of thermal r a d i a t i o n  i n  a s t r a t i f i e d  atmosphere, 
i n  w h i c h  the loca l  absorption c o e f f i c i e n t  and temperature  are 
func t ions  of the normal coord ina te  alone. T h i s  formulat ion 
permits express ion  of the t r a n s f e r  equat ion as a d i f f e r e n t i a l  
equat ion  i n  one independent var iab le .  
The u se  of an e x p l i c i t  f i n i t e  d i f f e r e n c e  formulat ion of 
the conserva t ion  equat ions  ( including r a d i a t i o n )  i n  the para- 
bo l ic  boundary l a y e r  approximation f u r t h e r  s i m p l i f i e s  the 
system. Thus it becomes possible i n  the  numerical  s o l u t i o n  
scheme t o  march forward, one s t a t i o n  a t  a t i m e  and t o  t reat  
the r a d i a t i o n  source t e r m  as a completely known funct ion .  
The  i n t e n s i t y  d i s t r i b u t i o n  i s  then found by so lv ing  an ordi-  
nary f irst  order d i f f e r e n t i a l  equation con ta in ing  a known 
source func t ion  thereby  determining the emergent r a d i a t i v e  
energy f lux .  T h e  divergence of t h e  r a d i a t i v e  f l u x  i s  then  
obta ined  and i s  added t o  the energy equat ion  i n  order t o  com- 
p u t e  the f l o w  cond i t ions  a t  the next  s t a t i o n .  
8 
11. THE RADIATION FIELD W I T H I N  THE BOUNDARY LAYER 
The r a d i a t i o n  t r a n s f e r  equation along a ray  t r a v e l l i n g  
through an atmosphere i n  l o c a l  thermodynamic equi l ibr ium i s  
where d s  i s  t h e  element of pa th  length i n  t h e  d i r e c t i o n  of 
t h e  ray ,  X i s  t h e  wavelength of t h e  r a d i a t i o n ,  
mass d e n s i t y  of t h e  carbon "gas , "  
e f f i c i e n t  o f  t h e  carbon a t  t h e  wavelength and B (T)  i s  t h e  
source s t r e n g t h  a t  wavelength and temperature T. Since 
l o c a l l y ,  T = T ( s ) ,  w e  can w r i t e  implicitly B = B X ( s ) .  
i s  t h e  
pc 
i s  t h e  absorpt ion co- 5 
x 
x 
The t e r m s  i n  t h e  above equation (4 )  can be in t eg ra t ed  
over t h e  w h o l e  wavelength range of importance, which f o r  the 
temperature range of  in te res t  i s  the i n f r a r e d  region between 
1p and 101; thus,  
s l o p  Ix, dX = I, 
1 P  
9 
1 Then t h e  Eq. (4 )  can be w r i t t e n  
- aIO + I(S) = B ( s ) ,  PcX d s  ( 5 )  
provided a s u i t a b l e  mean va lue  can be found. One such 
mean va lue  i s  given by 
w h e r e  1 i s  t h e  wavelength cha rac t e r i z ing  t h e  Wien Law 
emission peak and X 
max 
and X 2  a r e  wavelengths r e s p e c t i v e l y  less 1 
and g r e a t e r  than which su i t ab ly  encompass t h e  range of 
max 
s i g n i f i c a n t  luminosity.  
S u b s t i t u t i o n  of t h e  S i d d a l l  and McGrath formula f o r  
- 
x r e s u l t s  i n  t h e  expression of Eq. (1). 
W e  now use t h e  boundary l a y e r  approximation t o  r e l a t e  
t h e  p r o p e r t i e s  p and t o  t h e  thickness  coord ina te  of t h e  
mixing region. I n  t h e  determination of t h e  r a d i a t i o n  f l u x  
w e  f u r t h e r  use the i d e a l i z a t i o n  of l o c a l  p l ana r  s t r a t i f i c a -  
t i o n .  However, i n  determining t h e  r a d i a t i o n  i n t e n s i t y  t o  
t h e  base ,  t h i s  p l ana r  model i s  inadequate as w i l l  be shown 
C 
10 
l a t e r .  For t h e  p l a n a r  model t h e  geometry i s  def ined  i n  t e r m s  
of a s i n g l e  v a r i a b l e ,  y, normal to  t h e  f l o w  d i r e c t i o n .  Then 
where p is  the  d i rec t ion  cosine of the l i g h t  ray  r e l a t i v e  t o  
the normal. Because of t h e  p l ana r  geometry p i s  cons t an t  
along the r ay -  Then Eq. ( 5 )  becomes 
i- I ( p , y )  = B(y) . 
P,X dy 
T h e  boundary condi t ions  appropr ia te  a r e  t h a t  a t  the 
t h e  incoming i n t e n s i t y  ( p  < 0) is zero.  y2 , o u t e r  s u r f a c e  y = 
T h e  outgoing r a d i a t i o n  ( p  > 0)  is  r e l a t e d  t o  the incoming 
r a d i a t i o n  a t  t he  inne r  boundary y = y1 by the e q u a l i t y  
Defining 
Equation (4)  becomes 
11 
d1 + I = B .  'Lq 
The f l u x  over  a l l  s o l i d  angles  can be w r i t t e n  
1 
s i n c e  I i s  assumed l o c a l l y  independent of aximuthal angle. 
T h e  s o l u t i o n  of (8) is: 
B ( t ) e  
P 
I+ ( ~ p )  = e B( t% +P ay + 
T h e  i n t e g r a t i o n  i s  c u t  off a t  y = y ins t ead  of going o u t  
1 2 
t o  03 s i n c e  p 
exceed the  upper l i m i t ,  
and hence d€,/dy i s  zero f o r  y > y2 and 6 cannot 
C 
. The flux i s  thus  given by: 5, 
1 2  
(11) 
and the  divergence of the r a d i a t i o n  f l u x  t o  be added t o  t h e  
r i g h t  s i d e  of the boundary l a y e r  energy equat ion i s  given by 
1 
w h e r e  
1 
The incorpora t ion  of t h e  e f f e c t  of t h e  r a d i a t i o n  tyans- 
fe r  (assuming the  p lane  s t r a t i f i e d  model) i n t o  the f l o w  f i e l d  
i s  descr ibed  next.  
13 
111. BOUNDARY LAYER FLOW FIELD 
The mixing and r a d i a t i n g  region of t h e  plume f i e l d  i s  
assumed t o  be i n i t i a l l y  confined for  s e v e r a l  diameters  down- 
stream of t h e  nozzle  l i p  t o  a r e l a t i v e l y  narrow annular  region 
s t r a d d l i n g  the  d iv id ing  s t reamline.  I t  i s  expedient t o  t r e a t  
t h i s  mixing region a s  a l o c a l l y  two-dimensional f l o w .  
The governing gas-dynamic equat ions f o r  t h e  v iscous  
l a y e r  inc luding  the r a d i a t i o n  energy f l u x  then become: 
Global con t inu i ty :  
a a - (pu) + - (pv) = 0 
bX a Y  
Species  cont inui ty :  
Momentum: 
Energy: 
2 
dx 
14 
Equation of s ta te :  
O1 p = p R T Z F  i 
i i  
I n  the above equations 01 is the  mass fraction of the i 
ith species whose production r a t e  is  w and whose molecular i 
weight i s  M . The mixture enthalpy is i 
The mixture specif ic  heat i s  
- 
c = C oLicpi , 
P 
and q i s  the  radiation flux i n  the y-direction. 
The equations a re  transformed t o  stream coordinates 
(x,Q) defined by 
Thus, 
($)x = p' (%)x ' 
[%Iy = - pv 1%) Y 
15 
The describing equations become: 
Species Continuity: 
Momentum: 
- -  aU - - + ktPU (y1- 
Y ax PU 
Energy: 
a - - aT c - -  - 
Y P ax P 
The radiation energy flux in (x,$) coordinates is 
16 
In the rectangular (x,q) grid, if n refers to x position and 
m to 5! position, the following explicit finite difference 
scheme is used for the above parabolic differential equations: 
-F n+l,m--. n,m 
Ax 
F 
- 
n+l,m 
-F 
2A 3. 
Fn,m+l n,m-l 
17 
where 
Defining 
t h e  f i n i t e  d i f f e r e n c e  equat ions become: 
18 
-T 
(21 n+ 1 
Tn+l,m n,m - 
(Ep n , m k x  
- Chi wi a n,m (Un,m+l-un,m-l l 2  (UE 1 n,m n,m + -  C 
4 ( A $ ) 2  P n,m i 'n,m 
C ( 3 3 )  C P i  n,m r i  ' 0 1  L n,m+l -a n,m-l i j  
i 2Liy 
where A 
evalua ted  at (n ,  m )  . 
i s  the func t ion  on the  right side of  Eq. (26) nm 
Solv ing  f o r  a U algebraic equat ions  
n+l,m' n+1,m' Tn+l,m8 
are ob ta ined  f o r  the (n+l ) th  l i n e  i n  t e r m s  of q u a n t i t i e s  known 
along the nth l i n e .  
19 
I V .  RADIATION TO THE BASE REGION 
I n  t h e  foregoing s e c t i o n  the temperature d i s t r i b u t i o n  with- 
i n  t h e  plume w a s  computed t ak ing  i n t o  account t h e  e f f e c t s  of  
mixing and chemical reaction as well  as t h a t  of r a d i a t i v e  
losses. 
The computation of the r a d i a t i o n  f i e l d  a t  t h e  base i s  next  
determined by eva lua t ing  a su r face  i n t e g r a l  over the plume, 
r a t h e r  than a volume i n t e g r a l .  Thus, t h e  r a d i a n t  energy f l u x  
f r o m  a p o i n t  Q of the plume sur face  t o  a p o i n t  P of the gas is  
given by t h e  i n t e g r a l  over t h e  s o l i d  angle.  
q (P )  = I ( Q P )  cos  8 dG (34 )  
where 8 i s  t h e  angle  between t h e  vector  QP and the normal 
t o  t h e  base, and I ( Q P )  is  the i n t e n s i t y  of the r a d i a t i o n  i n  
the d i r e c t i o n  QP. The element of s o l i d  angle  d w  can be 
w r i t t e n  
2 d G  = D 
(35) 
where p i s  the cosine of t h e  angle between t h e  normal t o  t h e  
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plume surface element of area dA and the vector QP. 
I n  order t o  specify the geometry for  the determination of 
the in tegra l  of Eq. (34), the  element of surface i n  Eq. ( 3 5 )  
i s  represented by tha t  of the cone tangent t o  the plume a t  
( z , R ) ,  where R i s  the radius of the plume a t  the ax ia l  s t a t ion  
z ,  cp i s  the cone angle of the tangent cone, r i s  the r ad ia l  
location of the point P of the base and J) i s  the  aximuth angle 
of the point Q of the plume (see Fig. 1). Since the configura- 
t ion i s  axisymmetric, the azimuth angle of p o i n t  P i s  a rb i t ra ry  
I md can be s e t  equal t o  zero. Using an i j k  t r i a d  of u n i t  vectors,  
the d i rec t ions  of the vector D, the normal n a t  the plume and 
the normal n a t  the base can be specified. B 
- 4  n A 
D = 1 z - j R s i n  J) t k ( r - R  cos 9).  
- 3 A 
n = ?R tan c p +  J R s i n  $ + k R cos $. 
Then the cosine values p and cos 8 can be determined: 
COS cp [ z  tan (P-R + r cos SI - - D ' n  - 
I=,-- Jz2 + r2 + R 2 - 2 r R  cos $ '  * 
2 1  
- x 
2 Jz + r2 + R~ - 2 r R  cos 9 
I 
and the element of a r ea  dA can be expressed 
The f l u x  a t  p o i n t  P t he re fo re  can be w r i t t e n  
I(Lc,z)I-z t a n  cp - R + r cos &Id& dz . q(r )  = [ R ( z ) z  2 2 
Z 9 [z2 + r + R2 - 2 r R  cos $1 
( 3 6 )  
The domain of i n t e g r a t i o n  includes a l l  va lues  of f o r  which 
z t an  (P-R + r cos 9 > 0 . 
Since t h e  integrand i s  r egu la r  the  eva lua t ion  of Eq .  ( 3 6 )  is  
s t r a igh t fo rward  and t h e  increment d q ( r )  due t o  t h e  plume 
segment centered  a t  z + - w i l l  be added t o  t h e  sum gener- 
a t e d  f r o m  z = 0 t o  z The rad ius  t e r m  R(z)  i n  t h e  integrand 
i s  known a s  a r e s u l t  of t h e  ca l cu la t ion  of t h e  plume boundary 
l aye r .  
n -  2 
n-1. 
The i n t e n s i t y  I ( p , z )  = I ( p , y 2 ( z ) )  a t  the o u t e r  edge of 
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t h e  plume boundary l a y e r  can be obtained according t o  t h e  p l ane  
i n  Eq. (10) f o r  p > 0. This  s t r a t i f i e d  model by s e t t i n g  6 = 6 ,  
y i e l d s  I 
Equation ( 3 7 )  i s  no t  adequate t o  desc r ibe  the gene ra l  
case of r a d i a t i o n  t o  the  base,  because f o r  p + 0, it goes t o  
the l i m i t  
Indeed the in-plane (p=O) component of i n t e n s i t y  f o r  any 6 
a l s o  goes t o  the b lack  body value B = (3T . This  defect i n  
t h e  i n t e n s i t y  d i s t r i b u t i o n  i s  a r e s u l t  of the i n f i n i t e  l a t e r a l  
e x t e n t  of the emi t t i ng  and absorbing l a y e r  of t h e  p lane  strati- 
f i e d  model. 
4 
It  w i l l  be shown i n  the  next  s e c t i o n  t h a t  the f l u x  and 
therefore the energy t r a n s f e r  i s  e s s e n t i a l l y  c o r r e c t ,  b u t  t h a t  
t h e  i n t e n s i t y  f i e l d  r ad ia t ed  a t  f r i n g e  angles  t o  the plume sur-face 
rkmrdtnear 90°) needs t o  be computed wi th  due cons idera t ion  of 
t h e  plume su r face  curvatures .  
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V. RADIATION FROM A CURVED S T R A T I F I E D  REGION 
If one examines a photograph of an ord inary  Bunsen burner  
flame, which i s  a good example of an axisymmetric flame wi th  
an annular  zone of luminosity near t h e  base, one w i l l  n o t i c e  
t h a t  t h e  luminosity appears i n t e n s e  near  t h e  edge of t h e  flame 
region of t h e  photograph, and i s  almost n e g l i g i b l e  near  t h e  
c e n t e r l i n e .  
I I 
A 
A 
1 
Luminous T a 1 
Non- luminous 
- -F 
V i e w  A-A 
Since t h e  flow i s  axisymmetric t he  g r e a t e r  luminosity a t  t h e  
edges i n d i c a t e s  t h a t  ( f o r  o p t i c a l l y  non-thick flames a t  l e a s t )  
t h e  emergent i n t e n s i t i e s  a t  l a r g e  angles  from t h e  normal cone 
is  r e l a t i v e l y  much more important than those  components leav ing  
a t  s m a l l  angles  t o  t h e  normal. For  o p t i c a l l y  t h i n  flames t h i s  
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i s  simply due t o  t h e  g r e a t e r  geometric pa th  length  t r ave r sed  by 
a ray  which c u t s  near  t h e  inner  edge o f  t h e  annular  region of 
o p t i c a l  a c t i v i t y .  Nevertheless t h i s  p a t h  length  does n o t  become 
maximum pa th  length  
i n f i n i t e  as p o as i n  t h e  p l ana r  model. In s t ead ,  it goes 
t o  zero a f t e r  reaching a maximum. This  behavior w i l l  be pre- 
sented somewhat more q u a n t i t a t i v e l y  below. 
L e t  u s  consider  t h e  i n t e n s i t y  of t h e  ray from p o i n t  Q of 
t h e  plume su r face  t o  p o i n t  P of the base.  The ray QP and t h e  
normal t o  t h e  plume a t  Q def ine  a plane which c u t s  t h e  plume i n  
a s e c t i o n  a s  shown i n  Fig. 2.  A t  t h e  p o i n t  of i n t e r s e c t i o n  of  
t h e  ray  wi th  t h e  o u t e r  plume w e  can r ep lace  t h e  curve l o c a l l y  
by t h e  o s c u l a t i n g  circle which i s  tangent  t o  t h e  l o c a l  plume 
curve and has  t h e  same rad ius  of curvature .  .The i n t e n s i t y  . 
along t h e  ray  Q'P' i s  s t i l l  given i n  Eq. ( 5 ) .  
aIO + I(S) = B ( s )  PC2 d s  (5) 
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and the emergent radiation at Q in the direction QP can be 
written formally as 
where 
= ls p 'i ds'. 
C (39) 
The origin s=O can be either the inner boundary of the 
plume, or the point of symmetry on the ray path where I is + 
equal to I- (point Q" of Fig. 3 ) .  Unfortunately s is not a 
1 
convenient variable to use. It is seen from Fig. 4 that all 
plume geometric and thermodynamic properties can be conveniently 
stated in terms of the local radius of curvature R , the distance C 
t inward from the outer plume boundary, and p ,  the direction co- 
sine of the emergent ray QP. 
We obtain for the transformation from s to t 
(R--t) dt 
c t < t  
2 0 
ds = - 
JR p2 -2R t + t C C 
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Then the emergent r a d i a t i o n  i n t e n s i t y  a long the r ay  QP is 
w h e r e  
It  i s  of i n t e r e s t  t o  note  t h a t  the "in-plane" component 
of r a d i a t i o n  a t  an i n t e r i o r  p o i n t  of the plume ( i - e . ,  t h e  va lue  
of Q" a long Q"Q)  i s  
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In the limit when the optical layer thickness T is very small 
compared to the local radius of curvature (T << R ), some inter- 
C 
esting comparisons with the plane stratified approximation can 
be made. Two cases can be distinguished. First if emergent 
angle is not too close to 90 , i.e., when 0 
p >  Jp I 
C 
and when the thickness T is.less than t = R (1-sin p )  defined 
by Eq. (41). This set of conditions is exemplified by the ray 
Q P of Fig. 4. 
0 C 
2 2  
In this case ds + - - dt which is exactly the transforma- cc 
tion appropriate to the plane stratified model. 
However, when t is of the same order or less than TI 
0 
then we should write 
so that 
2 8  
The emergent i n t e n s i t y  thus  goes smoothly t o  zero a s  
J to, o r  even more. 
The ques t ion  of the amount of error incur red  i n  t h e  use 
of the p l ane  s t r a t i f i e d  model for computing r a d i a t i v e  f l u x  
divergence i n  t h e  coupled flow energy equat ion can now be answered. 
Thus, it i s  noted t h a t  the normal f l u x  depends on those components 
of t h e  i n t e n s i t y  w i t h  d i r e c t i o n  cosine 1 w h i c h  are no t  small ,  
s i n c e  t h e  f l u x  depends on the product p I ( p )  Thus, if p > J I 
then the p lane  approximation i s  appl icable .  When p < dF , 
C 
t h e  con t r ibu t ion  t o  t h e  f l u x  becomes s m a l l .  I t  i s  therefore con- 
cluded t h a t  the formulation used i n  Sec t ion  111 i s  adequate. 
For the purposes of r a d i a t i o n  t o  t h e  base,  the expression 
of Eq.  (49) or of E q .  ( 4 2 )  i s  needed f o r  the plume edge r a d i a t i v e  
components. This i s  n o t  d i f f i c u l t  t o  c a r r y  o u t  i n  a d i g i t a l  com- 
p u t a t i o n  scheme and w i l l  be included i n  t h e  computer program. 
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APPENDIX 
Determination of F ( A )  : 
w h e r e  
2 
nl n2  
2 2 2 2  2 2 2  F(A) = 
[(n, + nl n2) + 4(nl  - nl n2 + 111 
32 
35 2 
6.448 x 10 = 1 +  2 2 2  
4.062 x 1 0  -a 1 - nl "2 
32 
33 2 
3.224 x 10 32 
33 2 9.549 x 10 - w  
+ 3.224 x 10  
5.217 x 10 - w  
+ 
32 2 6.348 x 1 0  32 (1.966 x 10 - w  ) 
33 2 
W 
+ 
(1.956 x 1032-u2)2 + 1.369 x 10 
31 
3 1  2 2.323 x 10 + w  
3.05 x 10 - = 6(0) 
16 2 6.347.x 10 32 (3.70 x 10 u) 
33 2 2n n = (1.956 x 1032-$)2 + 1.369 x 10 w 
15 
q(u)  
3.05 x 10 31 (4.82 x 10 ) + 
(2.323 x lO3 '+W2)w 
31 
-1 -1 
c = speed of light. u h a s  units sec if c is in cm-sec and 
X is in cm. 
These equations can be written in terms of the e(o) and 
q ( w )  functions as 
. 
2 2 2  
1 n - n1 n2 = O ( W )  I 
The solution is 
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-i 
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